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ABSTRACT 


In this paper, we have obtained some common fixed theorem on generalized Banach space which is an extansion of some well 
known result of [12]. 
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1. Introduction 

Fixed point theory plays a basic role in application of Various Branches of Mathematics,from elementary calculus and linear Alzebra 
to Toplogy and Analysis. It is not heriscted restected to in mathematics and this theory has many application and in other decipline. 
This theory is closely related to Game Theory, Melatry, Economics, statastics, and Medicines. 


The Fixed point method Specailly Banach Contraction Principle provides a power full tool for obtaining the solution for these 
equation which where very difficult to solve by any other methods. No dout,it is also true that some qualitative properties of the 
solution of related equationis lost by Functional Analysis approach many attempt have been made in this direction to formulate 
Fixed point theorems include contraction as well as Contractive Mapping. 


Browder[1]was the first mathematician to study Non Expansive Mapping,He applied this result for proving the Existance of 
solutions of certain integral equation. 


Browder[1], Gohde[6] and Kirk[11] have independently proved a fixed theorem for Non Expensive Mapping defined on a closed 
bounded and convex subset of a uniformly convex Banach space and the space with richer generalization of non-expansive 
mappings, prominent being Datson[4]. Emmanuele[5], Goebel[7], Goebel and Zlotkienwicz[8], Isiki[10],Sharma and 
Rajpur[13],Singh and Chatterjee[14].They have derived valuable result with non-contraction mapping in Banach space. 


Recently described about the application of Banach’s contraction principle[2],Ghalar[9] introduced the concept of 2- 
Banach.Resently Badshah and Gupta[3], Yadav,Rajput and Bhardwaj[15] and Yadav,Rajput,Choudhary and Bhardwaj[16] also 
worked for Banach and 2-Banach space for non contraction mapping. 


In this manuscript,the known result [12] is extending generalized Banach space where the extension of common fixed point for 
generalized Banach space is investigated. 


We have proved common fixed point theorem in generalized Banach space. 


2. Preliminaries: 
we recall some definition and properties of generalized linear space. 


Definition 2.1: A Norm linear space N is called Banach space if it is complete,that is every Cauchy sequence in N convergent to a 
point N. 


Definition 2.2: If X(# @)is a linear space havings(>=)€ R Let]. || denotd a function from linear space X into R that satisfies the 
following axioms: 

1) vxeEX,||x|] = 0, |lxl| = 0iffx =0 

2) vx yeEX, |x +yll < sfllxll + Ilylb 

3) VxEX,ae€ R,|lax|| = |alllell 


||x|| is called norm of xand (X,]||. ||) is called generalized normed linear space.if for s=1,it reduces to standard normed linear space. 
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Definition 2.3: A linear generalized normed space in which every sequence is convergent is called generalized Banach space. 
Definition 2.4: The generalizd Banach space is complete if every Cauchy sequence convergences. 


Definition 2.5: If X(+ @) is a linear space havings(>=)€ R Let!].,.|| denotd a function from linear space X into R that satisfies 
the following axioms such that for x,y,z € X 


1) |lx, yll =Oiff x &y are linearly dependent 
2) IIx, yll = lly, xl 

3) IIx, Byll < IBIllx, yl, Breal 

4) Ixy + zl < s[llx,yll + Ilx, zIlL, 


\|x|| is called norm of x and (M,||.,.|]) is called generalized 2-normed linear space.If for s=1,it reduce to standard 2- 
normed linear space. 


Definition 2.6: A linear generalized 2-normd space in which every sequence is convergent is called generalized 2-Banach space. 
To prove our main result we will use the following lemma. 

Lemma2.7: Suppose(X, ||.,. ||) be a generalized space and {y2,} be a sequence in X such that 

lYont1 — Yantall S Allyen — Yensill,n = 0,1,2...... (2.7.1) 

where 0 < A < 1 then the sequence is Cauchy in X provided sd < 1. 

Now in section I, we will find some fixed point theorem in generalized Banach space. 

3. Main result : 

Theorem3.1:Let X be a Generalized Banach space with ||.,.|| andlet 17,,7,:X > X bea function with the following mapping: 


IT, @) — Ta) IIS a llx — TyxIl +.B lly -—ThO)I + € Ilx —y Il (3.1.1) 
vx, y € XWhere a,b and c are non negative real number and satisfy a+s(b+c) <1fors =1 ,then T, &T, have a unique 
common fixed point. 


Proof: Let x) € X and {x2,} and {x2n4,} be any two sequence in X such that 


ee aay Ue a Mia (3.1.2) 


Xonsr = T2X2n = T2°"**xp G13) 


Note that, if x2, = X2n41 for some n =O, then x2, is fixed point of T, andTz .Now putting x = x2,andy = 
X2n-1-from(3.1.1),wehave 


IX2on+1 — Xanll=lIT1%2 n — T2X2n-1ll 
Ss allxon -s TX2n|l + b\|xX2n-1 oe T1X2n-1 Il + cllx2n ae Xen-1 Il 


= allXon — X2neill + bllxen-1 — Xanll + cllxen — X2n-1ll 


> (1 — a)llx2n — X2n-all S © + )llX2n — X2n-1l 


= xan = Xon-all S$ (F—=) bean = tonal 


b+ 
=h||xX2n — X2n-1|| where h=— 
Continuing this process we can easily say that ||x2_ — X2n-1\| < A?"Ilx1 — Xoll 
This implies that T, and T, are contraction mapping.Now it is to show that {x2,} is Cauchy sequence in X. 


Let m,n> 0 with m > n then from (3.1.1)we have 


IX2n — Xomll < S{llx2n = Xomll + IXon41 = Xomll} 
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= sh?" |[xo — x|| .[1 + sh + (sh)? + (sh)? + °°] 


2n 


= (=sh Ilxo — xl 
Now using the lemma 2.13 and taking limit n > co we get 
tim Ilan — X2mll = 0 
{x2n} is a Cauchy sequence in X. 
Since X is complete we consider that {x2,}convergence to x* .Now we show that x* is fixed point of T,. 
Ilx* — Tyx*|] S s[llx* — xanll + Ulan — Tr" Tl] 
S s[llx* — x2nll + Il TrX2n-1 — Tix" ll J 
S s[llx* — x2nl| + allx* — Tx" |] + bllx2n—1 — T1X2n—all + €llX2n-1 — x" ll] 


(1 —as)|lx* — T,x"l] S s[llx* — Xanll + bllXen—1 — TrXen—1ll + €lle2n-1 — 2°] 


Ss 
lx* — T,x*|| s Gaal” — Xgn|l + bh?7" [1X9 — Ty I] + cllxon—1 — ° Ul] 


Taking limit n > cowe get, 

lim ||x* — T,x*|| = 0 

n—00 

xs Tx 
Hence x* is a fixed point of T;. 
Now, if z be another fixed point of T;. 
T,z = z.Then 
IIx" — Tyz|| S s[ll* — xanll + leon — Trzl] 
S s[llx* — xonll + Il Tix2n-1 — T1zIl ] 
S s[llx* — xan|l + allx* — Tyz| + bllxon—1 — T1X2n-all + cllX2n—1 — x" ll] 


(1 — as)|lx* — T,x*]] S s[llx* — xanl] + bllxen—1 — TiX2n-1ll + cllX2n-1 — x7 Il] 


Ss 
Ix* —T,x*|| s Gama — Xon|| + DA?” ||Xo — Ty X41 |] + cllxon-1 — 2° Il] 


Taking limit n > cowe get, 


lim ||x* — T,z]|| = 0 
n-0o 


Therefore T, has a unique fixed point. 

Similarly it can be establishd that T,x*=x*. 

Hence T,x* =x* =T>x* 

Thus x* is the unique common fixed point of T, and T>. 


These completed the proof of the theorem. 


Theorem3.2: Let X be a Generalized Banach space with ||.,. || andlet 7,,7,:X > X bea function with the following mapping: 


IT, 2) — Ta(y)II S ayllx — Tyxll + aallly — TOI + Ile — y I (3.2.1) 
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vx,y € XWhere a, & az are non negative real number and satisfy a+ 2sb < 1fors =1 ,then T, & T, have a unique common 
fixed point. 


Proof: Let x) € X and {x2,} and {x2n4,} be any two sequence in X such that 
Xen = TyXgn-1 = 117" Xo (322.2) 


Xoner = ToXon = Tz?" * xq (3.2.3) 


Note that,if X2n=%2n+1 for some n= 0,then x2, is fixed point of T,; and T,.Now putting x = x2, and y = X2n_1.from(3.2.1),we 
have 


Xana — Xanll=lIT1%2 n — T2X2n-1 Il 
< ay||X2n — T1X2nl| + @2[IlX2n—1 — TiX2n-1ll + lan — X2n-r ll] 


= A4|lX2n — X2n41ll + A2[IlX2n—1 — Xanll + ll2n — X2n-1 Ill 
> (1 — a4) |lX2n — X2n-1 ll S 2a2|l%2n — X2n-1ll 


2az 
1-a 





= Xan = onall $ (2) Item = oneal 


=h||xX2n — X2n-1|| where ha 
Continuing this process we can easily say that ||x2, — Xon-1|| < A?" 1x1 — Xoll 
This implies that T, and T, are contraction mapping. Now it is to show that {x2,} is Cauchy sequence in X. 
Let m,n> 0 with m > n then from (3.1.1)we have 
IlX2n — Xamll S s{llxon — Xeni ll + IlX2na1 — X2mll3 
< s|lxXon — Xonsall + $?||X2n41 — Xonspall +S? ||\Xanej2 — Xoneall +o... eee eee 


< sh?" ||\x9 — x,|| +s7h2"*2]|x9 — xy || + 33 R2"*? |Ixq — xy || Foc cece cece eee 


= sh?" |[xo — x,|| .[1 + sh + (sh)? + (sh)? +-°] 





sh2r 
= IIx - all 
Now using the lemma 2.13 and taking limit n > 00 we get 
tim Ion X2mll =0 


{%2n} is a Cauchy sequence in X. 
Since X is complete we consider that {x,,, }convergence to x* .Now we show that x* is fixed point of T,. 
Ile" — Tyx"|] S s[lle* = Xanll + Man — Tr" Ml] 
S s[llx* — Xanll + Il Tix%2n-1 — Tx" ll J 
S s[l]x* — xanll + agile” — Tyx"|] + ae [ona — Tr X2n-all + Ue2n—1 — 2° UII] 


(1 —a,s)||x* — Tx" || < s[llx* — xenll + @2[Il2n—1 — TiX2n-all + U2n—1 — x" IID] 


Ss 
Ilx* — T,x* || $ -—J [Ilx* — xan ll + agh?"Ilxo — Tall + [Xen—1 — 2° Ul] 
(1-—aqs 


) 
Taking limit n > cowe get, 


lim ||x* — T,x*|| = 0 
n-0o 


Hence x* is a fixed point of T;. 
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Now, if z be another fixed point of T;. 
T,z = z.Then 
Ilx* — T,Z]] S s[llx* — Xanll + Ion — Tr il] 
S s[l]x* — xonll + Il Tix2n-1 — T1zIl J 
< s[llx* — xanll + ayllxe* — T2z|| + @e[lon—1 — TrX2n-1ll + Weon—1 — x" IM 


(1 — ays)[lx* — Tyx*I] S s[ll* — xen] + ae Moana — TrX2n-all + Wana — 7M] 


Ss 
Nae" = Tyx'l S Mle” — Hall + afl — Teall + Manoa — 2 
1 


Taking limit n > cowe get, 


lim ||x* — T,z]|| = 0 
n-0o 


Therefore T, has a unique fixed point. 

Similarly it can be establishd that T,x*=x*. 

Hence T,x* =x* =T>x* 

Thus x* is the unique common fixed point of T, and T>. 
These completed the proof of the theorem. 


Theorem 3.3:Let X be a generalized Banach space with ||.,.|| and T,,7:X — X be a function satisfied the following condition 
for all x,y in X, 


IT, @) — ODI S allx — T; xl] + blly — Tayll + cllx —T, yll + elly — Tayll + fllx — yl 


Where a,b,c,e and f are non negative real number & satisfy a=a+b+c+e+f such that a€ (0,—) for s= 1,then T, &T, 


have a unique common fixed point.before going to prove this theorem we required following lemma 3.4 


Lemma 3.4:Let he condition (3.3.1) hold on generalized Banach space for self map T, and T,0n it.Then if a € (0 ~) 


2s 


there exits B < = such that \|T,x as T,?x|| < ||x — T,x||l (3.4.1) 
and || T2x — T,?x|| < Ilx — Toxll (3.4.2) 
Proof of the theorem 3.3 


Let x9 € X and {x2,,}be a sequence in X such that 
Xen = TyXgn—1 = 71°" Xo 
X2n+1 Texte ey 
Now using lemma 3.4 we can show that 
IIX2nt1 — Xanll S$ B7"llxo — x1ll 
Now we show that {x,,,} is a Cauchy sequence in X.Let m,n > 0 with m>n 
Ilx2n — Xamll S$ s[llx2n — Xansall + ll2n+1 — X2mll] 


< sllxX2n — Xenaall + $7llXone. — Xensall + $7 llons2 — Xensall +.....00. 


< SP" |[%q — xy || + 8787748 [1X9 — wall + 5982"7? [Ix9 — aI +.....- 
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When taking limit n > © we get 
tim Ilan — X2mll = 0 
{x2n} is Cauchy sequence in X. 
Since X is complete we consider that {x2,} converges to x* .Now we show that x* is fixed point of T;. 
Ilx* — Tx" |] < s[llx* — Xan ll + Mean — Tr x71) 
S s[lx* — xapll + UIT, X2n-1 — Tr 2°) 
S s[lx* — x2nll + allx2n—1 — Ty X2n-all + bIlx* — Ty x"I| + ell%an-1 — Tr °U| + elle” — Ty X2n-all + fll%2n-1 — x71] 
Ilx* — Tx" || S s[allxon-1 — Xanll + bill” — Ty x° I + cllxan—1 — Tr x7 + Ce + Dlx" — Xan] + Fllon-1 — 2° Ul 

Taking limit n > ©o we get 

lx" —T, x*|] $ sb + c)||x* —T, x" || 
Which is contradiction unless x* = T,x* 
Hence x* is a fixed point of T}. 
Now if z be another fixed point of T,. 
T,z = z.Then 

Ilx" — Tyz]] S s[llx* — Xan + [an — TZ Il] 
< s[l]x* — xan ll + Il Tix2n-1 — T12Il 

S s[l]x* — x2n|l + allx* — Tyz|]+b||X2n-1 — TyX2n-1ll+ellx* — TyX2n-1Il+ellX2n—1 — Tr" |] + fll%2n—1 — 7) 


=> (1-as)||x* — T,z|| S$ s[llx* — x2n\l + bllXen-1 — T1X2n-1l + cllae* — TyX2n-1ll + ellx2n—1 — T1" Il + Ff llx2n-1 — x" ll 
Ss 
lx" — T,z|| S (1—as) llc" = X2nll + bllx2n—1 — T1X2n-all + cllx* — TyX2n-all + ellxen—1 — T1x7ll + fll%2n-1 — x°'ll 


Taking limit n > cowe get, 


lim ||x* — T,z|| = 0 
n-0o 


Therefore T, has a unique fixed point. 

Similarly it can be establishd that T,x*=x*. 

Hence T,x* =x* =T>x* 

Thus x* is the unique common fixed point of T, and T>. 
These completed the proof of the theorem. 


Thorem3.5: Let X be a generalized Banach space with |].,.|| and T,,7,:X — X be a function satisfied the following condition for 
all x,y in X, 


IT, ) — T2O)I Ss alla — Tr xl] + aallly — Toyll + Ix — Tr yll] + asblly — Teyll + Ix — yl] 


Where aj, a2 and az are non negative real number & satisfy @ = a, + Az + a3 suchthat a € (0, +) for s= 1,then T,; & Tz have 


aunique common fixed point. 


Proof: Let x) € X and {x,,,}be a sequence in X such that 


= = 2n 
Xen = 7TyX2n-1 = Ti" Xo 





[Research Paper E-ISSN No : 2454-9916 | Volume: 3 | Issue: 6 | June 2017 





Xone. =T2Xon=T27* Hy 

Now using lemma 3.4 we can show that 
IIXone1 — X2nll $B?" 1X0 — ill 
Now we show that {x,,,} is a Cauchy sequence in X.Let m,n > 0 with m>n 
Ilx2n — Xamll S$ s[llx2n — Xansall + ll2n+1 — X2mll] 
S s|lX2n — Xaneill + 87 llXon41 — Xansall + $7 llXane2 — Xangll +... 
S SBP" ||xq — Xl] + 87877 | lx9 — xyI] + 5°87"? [xq — xy +... 
When taking limit n > ©0 we get 
lim Ilan —X2mll = 0 
{x2,} is Cauchy sequence in X. 
Since X is complete we consider that {x ,,} converges to x* .Now we show that x* is fixed point of T,. 
Ilx* — Tyx*|| < s[llx* — xanll + Ilxan — Tr x") 
< s[llx* — xonll + IIT, X2n-1 — Ti x" I] 
Ss s[Ilx* = Xan|l + ay Ml2n—1 — Ty X2n-all + @e[llx* — Ty x*|] + |lX2n—1 — Tr x* UI] + ag [I]x* — Ty X2n-1ll + [lX2n-1 -— x* I] 


I|x* — T,x*|] S s[Ilx* — xXonll + ay llon—-1 — Tr X2n-all + @a[Ilx* — Ty 0° + Uxan-a — Ty x* UI + (ag + DI lx* = xo nll 
+ a3llX2n-1 — x" II] 


Taking limit n > 00 we get 

I|x* — Tyx*|| S sag||x* — T,x"|| 
Which is contradiction unless x* = T,x* 
Hence x* is a fixed point of T;. 
Now if z be another fixed point of T;. 
T,z = z.Then 

IIx" — Ty] S s[llx* — x2all + Ixan — Tr Zl] 
Ss[llx* — Xanll + Il Tix2n-1 — T1zl 
S s[Ilx* — Xgnl] + ay|lx* — T,2Z]]+@2[Ilan—1 — TrX2n—all + Ulxe* — Ty 2n—iIl]+@3[Ilx2n—1 — Tr" Ul + Ueen—1 — 4° UID 


=> (1-a,s)||x* — T,z|| < s[|]x* — xonl| + Q2[Il¥2n-1 — Tr X2n-1ll + lle* — Tr 2n—a Il] + 3 [ll%2n—-1 — Tix" || + U2n—1 — x" II] 


I|x* — T, [llx* — Xonll + @e[IlX2n-1 — TrX2n—1Il + lle* — Ty X2n-1ll] + @s[ll2n—-1 — Tx" ll + UlXen-1 — x" Il] 


I<—- 
ie (1—a,s) 
Taking limit n > cowe get, 


lim ||x* — T,z]| = 0 
n-0o 


Therefore T, has a unique fixed point. 
Similarly it can be establishd that T,x*=x*. 


Hence T,x* =x* =T>x* 


Thus x* is the unique common fixed point of T, and T>. 
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These completed the proof of the theorem. 
Theorem 3.6:Let X be a generalized Banach space with ||.,. |] and let T,T,: X — X be a function with the following mapping: 
IIT: @) — T2(y), zll S$ allx — T, x, zll + blly — Tay, zll + cllx — y, zl (3.6.1) 


Vx, y,z € M, where a,b and c are non negative real number &satisfy at+s(b+c)< 1 for s => 1,then T, and T, havea unique common 
fixed point. 


Proof: Let x9 € M and {xn} be a sequence in M such that x) = TyX2n-1 = 717"Xo 
Xong1=T2 Xan = 17" **x, 
|| X24, ee Xen Z| = |IT, Xon — Ty X2n-1) Zl 
SallXon — Ty X2n, Z|) +B U2n-1 — T1X2n-v Zl + CllXan — X2n-v Zl 
= allxon = Hong 2| + D||Xon-1 — T1X2n-1,Zl| + €llX2n — X2n-1 Zl 
= (1-a)||X2n — X2n41, 2] S (b+ Olan — Xen-v Zl 


bt+ec 
l-a 





> leas = Xonas el Ss ( } lXon ~ Xon-1 Zl 
= Allxen — X2n-1, Zl 


Continuing this process we can easily say that ||x2_ — X2n41,Zl| < A?" |lxen — X2n-1 Zl 


IA 


h?" [x1 — Xo, Zl 
This implies that T, and T are contraction mapping.Now it is to show that {x2,} is Cauchy sequence in X. 
Let m,n > 0 with m > n then from (3.5.1) we have , 
IIX2n — Xam Zl S SEll%2n — Xanen Zl + Xone. — Xam 2113 
S s|lX2n — Xone Zll + 87 llXone1 — Xene2Zll + 57 leone — Xane3 Zl 
< sh?" \|xq — X1,2|| + s7h2"*2||x9 — x1,2|| + s3h2"*? ||x9 — x1, Z|| 


= sh?"|[xy — x1, 2\|[1 + sh + (sh)? + (sh)? ++] 


2n 


= Ilxo — X41, Zl 
1-—sh 





Now using the lemma and taking limit n > 00 we get lim ||x2, — x2m,2z|| = 0 
n-0co 


{x2n} is a Cauchy sequence in X. 
Since X is complete we concider that {x2,} converges to x*.Now we show that x* is fixed point of T;. 
Ilx* — Ty x*, ZI] S s[[lx* — Xan Zll + [lon — Tx", zl] 
S s[|lx* — Xan ZI1 + UIT X2n-1 — T1 x”, zIll 
S s[Ilx* — Xan, ZI + alle” — Tyx*, zl] + bilxen—1 — TrX2n—1 Zll + €llxen—1 — x" Il 


= (l-as)|la* — Tx", z|| S s[Ilx* — Xan ZI| + bllXan—1 — TrX2n-v Zl + €llX2n—-1 — x", Zl] 


s 
|x" —T,x",zll s C=) [lx* — Xan ZIl + bllX2n—1 — TrX2n-1 Zl + €llxon—1 — x”, ZIl] 


) 


Taking limit n > 00 we get, 


lim ||x* — T,x*,z|| = 0 
n-0co 





[Research Paper E-ISSN No : 2454-9916 | Volume : 3 | Issue: 6 | June 2017 





x* is fixed point of T;. 
Now, if z be another fixed point of T,, 
T,z = z.then 
Ilx* — Tz, zl < s[llx* — x2n, ll + IlX2n — Tz, ZIl] 
S s[|lx* — Xan, ZI) + [Ty%2n-1 — 112, ill 
< s[llx* — X2n, 21] + allx* — T,z, Z|] + bllxon—1 — T1X2n-1 ZI + clleon—1 — x*, Zl] 


=(L-as)||x* — Tz, zl] < s[llx* — xan, Zl] + bllXen—1 — TrX2n—1 ZIl + cllXen—1 — x", Zl] 


Ss 


* 
— < 
= |x" — T2215 





[lx* — Xan, Z1l + bllX2n—1 — TiX2n-v2Zll + €ll%2n-1 — x", Zl] 


Taking limit n— 00 we get 


lim ||x* — T,z, z|| = 0 
n-0o 


Therefore T, has a unique fixed point. 
Similarly it can be establishd that T,x*=x*. 
Hence T,x* =x* =T>x* 
Thus x* is the unique common fixed point of T, and T>. 
These completed the proof of the theorem. 
Theorem3.7: Let X be a generalized Banach space with ||.,. |] and let T,T,: X — X be a function with the following mapping: 
IIT, @) — T2), ZIl S ayllx — T, x, zll + aa[lly — Toy, Zl + Ilx — y, zl] 3.71) 
vx, y,z © M,where a, and az are non negative real number &satisfy for s = 1,then T, and T, have a unique common fixed point. 
Proof: Let x) € M and {x2,} be a sequence in M such that x2, = T;X2n-1 = T,?"Xo 
Xons1=T2Xon = T°" xy 

leer = Xie, Z| = |IT, X2n — Ty X2n-1) Zl 

S A4||X2n — Ty Xan, Zl] + Ge [IlX2n—1 — Tr X2n—v ZIl + Ilan — X2n-1 Zl] 
= Ay||Xon — Xane1)2l| + 2 [l!Xen—1 — Xen Zll + Ue2n — Xon-v Zl] 


=(1-a,)||xon = Xons1)2|| S A2||X2n — X2n-1, 21 





a 
> IlXon am Xon+1,2|| Ss ( = ) lX2n — X2n-1, Zl 
1 


1 
= Allx2n — X2n-1) Zl 


Continuing this process we can easily say that ||x2, — Xon41Zl| < A?" |lxon — Xon—1 Zl 


IA 


h?" |x, — Xo, zl 
This implies that T, and T, are contraction mapping. Now it is to show that {x,,} is Cauchy sequence in X. 


Let m,n > 0 with m > n then from (3.5.1) we have , 


IX2n = Xom Zl Ss s{llx2n _ Xonty Zl + IXon41 _ Xen ZIl} 
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S $|lXon —XongZll $87 leone — Xone Zl +S? lane — Xonaa 4ll 
< sh?" ||[xq — X4,2|| + 57h2"*1||x9 — x1,2]| + s2h?2"*? || x9 — x4, ZI 
= sh?" \|xo — X1,2||[1 + sh + (sh)? + (sh)? +--+] 


sh2” 
= Togo - v2 





Now using the lemma _ and taking limit n > © we get lim ||x2, — X2m,Z|| = 0 
n-0co 


{%2n} is a Cauchy sequence in X. 
Since X is complete we concider that {x2,,} converges to x*.Now we show that x* is fixed point of T,. 
I|x* — T, x", z]] < s[llx* — xan, zll + Ilan — T1x”, Zl] 
S s[Ilx* — Xan ZI + WITyx2n-1 — Tx”, ZIll 
S s[|]x° = Xap, 211 + aylla* — Tyx*, ll + ag [Ihe p—a — TrX2n—v Zl + [leona — x” ZIl]] 


=(1-a,s)|lx* — T1x*, zl < s[llx* — xan, Zll + aol llxon—1 — TrX2n—v Zl + Ilxen—1 — x", lll] 


Ss 
ae = x's all $ [lle — wana + ante — Tate ll + Mean — 2°, lll 
1 


) 
Taking limit n > 00 we get, 


lim ||x* — T,x*,z|| = 0 
n-0o 


x* is fixed point of T,. 
Now, if z be another fixed point of T,, 
Tz = z.then 
Ilx* — Tz, Zl S s[Ilx* — Xan, ZI] + IlX2n — Tz, Zl] 
S s[llx* — X2n, Zl + WIT X2n-1 — T1Z, Zl] 
< s[Ilx* — x2, 21] + ayllx* — Tz, 21] + aol Mlxon—1 — TrX2n—v Zl + Ulon—1 — x" zl] 
=(1-a,)|lx* — Tz, zll S s[Ix* — xan Zll + ae[IXon—1 — TiX2n—v Zl + Uon—1 — x7, Zl] 


= |x" —T,z, z\| s [Ilx* = Xen, Zll + ah" [llxo — Myx Zl + Ulx2n—1 — x", zIl]] 





(1-a1s) 


Taking limit n— 00 we get 


lim ||x* — T,z, z|| = 0 
n-0o 


Therefore T, has a unique fixed point. 
Similarly it can be establishd that T,x*=x". 
Hence T,x* =x* =T>x* 


Thus x* is the unique common fixed point of T, and Tp. 


These completed the proof of the theorem. 
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